Two parallel semi-infinite plates are joined together at their common end, with vacuum in the infinitesimal gap between them and acoustic fluid outside. The configuration is an idealization of a realistic structural member such as the bow or keel of a ship where the structural elements are joined at an acute angle. The exact solution for acoustic diffraction from the parallel double plate junction is obtained using thin plate theory and the Wiener-Hopf technique. The diffraction coefficient is strongly dependent upon frequency, unlike the analogous coefficients for edge diffraction from hard or soft screens. However, the relative simplicity of the general solution permits analytical comparisons with these idealized boundary conditions. At low frequencies the diffraction simulates the response from a soft or pressure release screen. At high frequencies, or more precisely under light fluid-loading conditions, the hard screen approximation is more appropriate. Numerical examples illustrate the transition from soft to hard diffraction, and an approximate but simple uniform diffraction coefficient is proposed which has the correct limiting behavior at low and high frequency.
INTRODUCTION
The structural element depicted in Fig. 1 is typical of bows and keels on ships and large ocean going vessels. It is composed of two similar plate or shell segments that meet along a line, where they are structurally attached in the sense that forces and bending moments may be transmitted from one to the other, but only along the join. The purpose of this paper is to examine the interaction and diffraction of an incident acoustic sound wave, as shown in Fig. 1 . We will concentrate on the acoustic-to-acoustic diffraction emanating from the vertex, and in particular, we restrict attention to acute structural angles such that the bow junction is approximated for convenience as a double plate junction, as depicted in Fig. 2 .
This type of structural acoustics problem is prototypical of bow-type configurations, and an understanding of it is fundamental to interpreting first arrival diffracted acoustic waves. Thus one might ask whether the double plate junction is acoustically more akin to either a hard ͑or rigid͒ screen in the same position, or a screen with pressure release boundary conditions-a ''soft'' screen. Edge diffraction from these limiting structures is well understood, and the associated diffraction coefficients have simple forms. 1 In particular, the hard and soft acoustic diffraction coefficients are independent of frequency. The response from the double plates is expected to depend strongly on frequency, but as we will see, it behaves like the soft and hard screens at low and high frequencies, respectively.
Despite the ubiquity of the double plate configuration and its acoustic significance, it does not appear that this acoustic diffraction problem has been considered until now. Thus Crighton's review article 2 mentions many related but different problems. The most relevant of these is the case of a single plate in the position of the double plate structure of Fig. 2 . However, despite the apparent similarity, the acoustical behavior of the single plate and double plates are quite distinct, as we will show later. In particular, the single plate solution does not suffice for the double plate, but the single plate solution is contained within the latter. The present diffraction problem is, however, mathematically similar to that for the single plate in that we need to use the Wiener-Hopf technique to derive the pressure transform. Diffraction from a single plate was first analyzed by Lamb, 3 and Lyamshev 4 subsequently included the effects of flow, but both papers treat the light fluiding limit only, and they suffer from a fundamental error in the Wiener-Hopf analysis. 5 The correct solution was provided by Cannell, who in a series of two papers, 6,7 gave a detailed account of the proper procedure for solving the problem posed by Lamb, although Cannell's solution is limited in its applicability, as we discuss below. The present analysis is also related to Wiener-Hopf solutions for structural elements composed of flat plates joined end to end, [8] [9] [10] [11] [12] [13] although such configurations are quite distinct from the present one. However, we will draw upon some recent results 11 in this area to derive very explicit and simple formulae for the diffraction coefficient.
The exact problem and the general method of its solution are outlined in Sec. I. The analytical details of the Wiener-Hopf method are discussed in Sec. II, followed by a general discussion of the acoustic diffraction coefficient in Sec. III. There we examine the relationship between the general exact solution and the simpler limiting diffraction coefficients for soft and hard screens.
I. FORMULATION OF THE SCATTERING PROBLEM

A. Dynamic equations
We consider time harmonic motion of frequency Ͼ0, the factor Re͕•e Ϫit ͖ understood but suppressed. We restrict the analysis to the two-dimensional configuration, see Fig. 2 , where the plates lie along the positive x axis. The acoustic pressure p(x,y) satisfies the Helmholtz equation in the fluid region,
where kϭ/c is the acoustic wave number and c is the fluid sound speed. The plate deflection in the positive y direction on the top and bottom plates are w Ϯ (x), respectively. The equation of kinematic continuity between the plates and the fluid is 2 w Ϯ ͑x͒ϭ ‫ץ‬p ‫ץ‬y ͑x,Ϯ0͒, 0ϽxϽϱ, ͑2͒
where is the fluid mass density. The two plates are identical and are modeled by the classical theory of dynamic flexure,
͑3͒
The plate parameters are the mass per unit area m and the bending stiffness B and are constant on each plate. These quantities may be related to the intrinsic plate properties; thus mϭ s h, and BϭEh 3 /12(1Ϫ 2 ), where h, s , E, and are the thickness, volumetric mass density, Young's modulus, and Poisson ratio, respectively. We note that the acoustic pressure in the infinitesimal gap between the plates is assumed to be zero. Thus the only interaction between the plates is through the fluid and the junction.
Eliminating the plate deflection between the pair of boundary conditions in Eqs. ͑2͒ and ͑3͒ reduces them to a single equation for the pressure,
͑4͒
The diffraction problem can now be formulated entirely in terms of the pressure. Thus we need to solve the Helmholtz equation ͑1͒ in the fluid, subject to radiation conditions as (x 2 ϩy 2 ) 1/2 →ϱ and the boundary conditions ͑4͒ on yϭϮ0. Four edge conditions must be specified at the junction xϭy ϭ0. The plates are assumed to be in contact only at xϭ0 with no interaction for xϾ0. The ends at xϭ0 are mechanically joined such that the displacements and rotations are identical there, and the moments and shear forces on either plate are equal and opposite. The moment and force conditions ensure that the tip has zero net moment and force acting, but there are still non zero moments and forces between the plates. Thus
The formulation of the problem is complete once we have specified the incident wave field, p (0) , which we take to be a plane wave, The end conditions can be found by noting that 
͑11͒
The conditions ͑5a͒ and ͑5b͒ therefore become
while ͑5c͒ and ͑5d͒ are
The procedure for finding the separate solutions of different parity is similar. In either case we let
where p S (0) and p A (0) are the symmetric and antisymmetric parts of the incident field, while p S (1) and p A (1) are the symmetric and antisymmetric parts of the scattered pressure. The latter automatically satisfy the Helmholtz equation ͑1͒ if we write them as
for ␣ϭS or ␣ϭA. The square root function ␥()ϭ( 2 Ϫk 2 ) 1/2 is defined to be analytic in the complex plane with two L-shaped branch cuts from Ϫk to Ϫi0 to Ϫiϱ, and from k to i0 to iϱ, such that the real part of ␥ is non-negative. For convenience, we have given k a small positive imaginary part, i.e., k ϭ͉ k͉e i␦ 1 , 0Ͻ␦ 1 Ӷ1. Along the real axis ␥() ϭ Ϫiͱk 2 Ϫ 2 for ͉͉Ͻ͉k͉ and ␥() ϭ ͱ 2 Ϫk 2 for ͉͉Ͼ͉k͉. The difficulty is now reduced to finding the transforms p S and p A , which we address separately for the two subproblems.
C. Physical significance of the two problems
The separate problems for p S and p A can each be related to the acoustic scattering from a single plate in a fluid medium. Thus the symmetric pressure p S (x,y) for yϾ0 corresponds to the solution for a plate joined to an infinite baffle. That is, the semi-line xϽ0, yϭ0 is a rigid baffle, and the point at which the plate meets the baffle is pinned ͑or clamped͒. We note that Cannell 7 considered a similar plate and baffle configuration but with the plate end free of moment and shear force.
The antisymmetric solution, p A , is simply the antisymmetric part of the total pressure field for the plane wave p (0) incident on a plate with bending stiffness BЈϭ2B and mass density mЈϭ2m in an infinite fluid medium, and which is free of moment and shear at its end. In order to see this we note that the antisymmetric pressure p A on the double plate system of Fig. 2 bends both plates in the same direction, so that w ϩ ϭw Ϫ . The pressure drop from one side to the other is 2 p A , but the pressure drop acting on each plate is just p A because it is assumed that the acoustic pressure is identically zero in the infinitesimal unflooded gap between them, and hence the governing equation ͑10b͒. However, the pressure drop across a single plate in a fluid is 2p A , and its equation is therefore
͑16͒
with the same end conditions as Eq. ͑13͒. A comparison of Eqs. ͑10b͒ and ͑16͒ shows that the antisymmetric parts of the pressure for the double plate and single plate problems are the same if the single plate has bending stiffness and mass per unit length that are both twice the values for the individual plates in the original problem. Another way of looking at it is that the double plate system has an effective bending stiffness of 2B and its effective mass density is 2m.
As mentioned in the Introduction, acoustic diffraction from a single plate has been considered in detail by Cannell. 6, 7 The problem can be reduced to a Wiener-Hopf analysis for the half-space ϪϱϽxϽϱ, 0рyϽϱ with different conditions along the boundary yϭ0 on the half-lines ϪϱϽxϽ0, and 0ϽxϽϱ. In his first paper Cannell 6 derived the full formal solution, 14 but only analyzed the limiting case of light fluid loading. The general results for arbitrary fluid loading were given in an indirect form involving two unknown parameters, p and q, which must be obtained by solving four simultaneous equations. In the second paper, 7 Cannell examined the heavy fluid-loading limit, but for a different problem in which there is a baffle present on the half-line complementary to the plate, although the plate is still free at xϭyϭ0 ͑no moment or shear force act͒. The diffraction from the end of the baffle turns out to dominate the acoustic diffraction in the far field, leaving open the question of the precise form of the acoustic diffraction from an isolated plate edge in the heavy fluiding-loading regime. We will answer this in Sec. III. In summary, the problem considered here concerns the double plate geometry of Fig.  2 , but the antisymmetric part of the full solution is closely related to the single plate problem. In fact, we will obtain a very explicit formula for the double plate solution from which we can easily extract the response for the single plate in a fluid.
II. WIENER-HOPF ANALYSIS
A. Solution of the symmetric problem
Substituting the assumed form of the solution, defined by Eq. ͑14͒ and the transform of Eq. ͑15͒, into the two boundary conditions of Eq. ͑9a͒ and ͑9b͒ and using Eq. ͑6͒, yields two simultaneous integral equations for the unknown p S (),
Dual integral equations like these can be solved using the Wiener-Hopf technique. 15 We will not go into the details of the method, but just provide a solution which will be shown to satisfy the integral equations. Let K͑ ͒ϭD͑ ͒/␥͑ ͒, ͑19͒
and define K Ϯ () as Wiener-Hopf factors such that
The functions K Ϯ () are analytic in the half-planes H Ϯ , where H Ϯ are the upper and lower half-planes, Im ѥϯ␦ 2 , where 0Ͻ␦ 2 Ӷ1 is related to ␦ 1 and is included to ensure a small region of overlap that includes the real axis. 15 The general solution for the pressure transform is
where G S is
and A S () is a polynomial of as yet unspecified degree q, qу0, satisfying
It can be shown by direct substitution of p S from Eq. ͑21͒ into the two integral equation ͑17a͒ and ͑17b͒ that they are automatically satisfied. Thus, the left member of Eq. ͑17a͒ becomes, using the second identity of Eq. ͑22͒,
If xϽ0 then the integrand is clearly analytic in H Ϫ , and the contour can be deformed to one at infinity in the same halfplane, along which the integrand is zero, implying that the integral vanishes for any function K Ϫ () that is analytic in H Ϫ with appropriate behavior at infinity. Similarly, using the first identity of Eq. ͑22͒ it follows that Eq. ͑17b͒ holds for any K ϩ () analytic in H ϩ . The arbitrariness in the choice of K Ϯ () is removed by the restriction from Eq. ͑22͒ that D/K ϩ ϭ␥/K Ϫ . However, the general solution still contains an undetermined polynomial A S (). The problem therefore consists of ͑i͒ factorizing K and ͑ii͒ finding the polynomial A S (). The first of these is outlined in the Appendix, so we will proceed to the determination of A S .
First we note that the deflection for the symmetric solution can be expressed as
where
Using Eqs. ͑19͒, ͑20͒, and ͑22͒, we have
which is analytic in H Ϫ . Furthermore, it follows from Eqs. ͑18͒ through ͑20͒ that K Ϫ ()ϭO( Ϫ2 ) as ͉͉→ϱ, and hence W S ()ϭO( Ϫ3 ) in the same limit. The inverse transform W S (x) consequently has leading-order behavior like W S (x)ϭO(x 2 ) for x→ϩ0, and therefore the end conditions of Eq. ͑12͒ are automatically satisfied if the polynomial A S () is simply a constant (qϭ0). Hence, using Eq. ͑23͒,
This completes the solution to the symmetric problem.
B. Solution of the antisymmetric problem
Dual integral equations for the transform p A follow from Eqs. ͑6͒, ͑10a͒, ͑10b͒, and ͑15͒,
where G A is
and A A () is a polynomial satisfying
The Wiener-Hopf factors D Ϯ () are analytic in the halfplanes H Ϯ and satisfy
The factorization is closely related to the factorization for the symmetric problem and is discussed in detail in the Appendix. The deflection for the antisymmetric solution can be written in the same form as the symmetric solution in Eq. ͑25͒, but now using the function W A and its transform W A (). 
The 
where V is the dispersion function for a dry plate,
and is the dry plate flexural wave number, defined by 4 ϭ 2 m/B. The four zeros of V() are evenly divided between H ϩ and H Ϫ , with the former pair being 1 ϭ and 2 ϭi. By adding and subtracting poles with suitable residues in Eq. ͑37͒ we can arrive at explicit formulae for the partitioned functions. For our purposes we need only
The residues u n ϩ and u n Ϫ are related to one another by the fact that D(Ϯ n )ϭ1. Thus
where 1 and 2 are defined by
Suppose that W A Ϫ () has the limiting behavior
͉͉→ϱ, ͑43͒
for some integer M у1, then
) as ͉͉→ϱ, and hence the first few n can be obtained directly by expanding Eq. ͑39͒, yielding
for nϭ0,...,5.
We are now ready to apply the conditions of Eq. ͑13͒, using Eqs. ͑34a͒, ͑44͒, and ͑45͒. Assuming the polynomial expansion
it follows after some algebra that the end conditions reduce to the system
͑47͒
This can be further reduced using the results of Eqs. ͑41͒, ͑45͒, and the identity
to give
The pair of equations ͑49͒ are easily solved and combined with Eq. ͑46͒ to give, finally,
͑51͒
III. THE ACOUSTIC DIFFRACTION COEFFICIENT
A. The exact diffraction coefficient
The symmetric and antisymmetric partial solutions may now be combined to give the total solution for the incident plane wave of Eq. ͑6͒,
where the scattered response is
The transform p ϭp S ϩp A follows from Eqs. ͑21͒, ͑28͒, ͑28͒, ͑30͒, and ͑51͒. This may be simplified further using Eqs. ͑22͒, ͑31͒, ͑A1͒, and ͑A2͒, to
where the characteristic length a is defined by 
͑56͒
The far-field diffracted pressure in the fluid may be found using the method of steepest descents applied to the integral in Eq. ͑53͒, and is a cylindrical wave emanating from the origin of the form
The polar coordinates (r,) are defined in Fig. 2 , and the dimensionless diffraction coefficient is
This can be simplified to
is valid for all 0р 0 р, 0рр2, except near the geometrical singularities at which cos ϭcos 0 , corresponding to shadow and reflection boundaries. It is possible, although we will not do so here, to derive a uniform far-field approximation which is valid in these transition zones. We note that the diffraction coefficient of Eq. ͑59͒ clearly satisfies the reciprocity identity that it should be unaltered if the incident and scattering directions are interchanged, or
C͑ϩ 0 ,Ϫ͒, рр2. ͑60͒
B. Acoustic diffraction from a single plate
The acoustic diffraction coefficient for a single plate in a fluid can be obtained from the diffraction coefficient for a pair of plates. As discussed earlier, the single plate has bending stiffness BЈϭ2B and mass density mЈϭ2m, and therefore the flexural wave number is the same, Јϭ. The single plate diffraction coefficient is then the antisymmetric part of C(, 0 ) for the pair of plates each with bending stiffness B and mass density m, or using Eq. ͑59͒,
C. Discussion
Reference structures and characteristic frequencies
It is of interest to compare the exact acoustic diffraction coefficient of Eq. ͑59͒ with the analogous quantity for simpler diffracting structures. The two natural points of reference are the limiting cases of ͑i͒ an ideal hard screen in the same position as the plates, and ͑ii͒ a ''soft'' screen, for which the total pressure vanishes on the half-line 0ϽxϽϱ, yϭ0. Both of these are standard, canonical problems for which the diffraction coefficients can be obtained from Sommerfeld's classic solution as 15 C hard ͑ , 0 ͒ϭ cos͑/2͒sin͑ 0 /2͒ cos Ϫcos 0 , ͑62a͒
One immediate difference between both of these and the exact coefficient in Eq. ͑59͒ is that the latter depends upon the operating frequency, whereas C hard and C soft are constants. In order to discuss the frequency dependence we use a dimensionless measure of frequency, such as kaϭ/ n , where a is defined in Eq. ͑55͒ and n ϵc/m is the ''null'' frequency at which kaϭ1. Alternatively, it is more common in fluid loaded structural acoustics problems involving flexural waves to use the dimensionless parameter ⍀ϭk 2 / 2 or ⍀ϭ/ c , where c ϭ c ⍀ϭ⑀ka,
͑63͒
where ⑀ϭ n / c is independent of the plate thickness and hence provides a useful measure of the fluid loading.
Low-frequency/heavy fluid-loading regime
We first consider the low-frequency limit, ⍀Ӷ1. It may be shown using known expressions 16 for the limiting behavior of D ϩ () that the terms D ϩ (k cos 0 ͒, D ϩ (Ϫk cos ͒, and F in Eq. ͑59͒ all tend to unity, and therefore,
This limiting behavior is not unexpected if one considers that at very low frequency, or equivalently, under heavy fluidloading conditions, the inertial effects of the plate are negligible. Also, the geometry of the double plate structure exhibits no effective stiffness in the static limit. It is interesting to contrast this behavior with that of an empty cylindrical ͑in 2D͒ or spherical ͑in 3D͒ shell, which also show no inertial effects in this limit, but do display a finite stiffness in the static limit. Also, the leading order approximation to the diffraction from a single plate in the low-frequency limit follows from Eq. ͑61͒ as
This tends to zero as →0, in contrast to the exact diffraction coefficient which tends to a nonzero limit, in Eq. ͑64͒.
Light fluid-loading regime
The impedance length aϭm/ becomes large under light fluid-loading conditions, and we may accordingly approximate the dispersion function as DϭϪ␥V. This is easily factorized to give
implying that
Both of e 1 and e 2 are large in magnitude because kaӷ1 by assumption, and therefore we may consistently take the approximations sinh n →(1/2)e n , cosh n →(1/2)e n , nϭ1,2, which imply that
The acoustic diffraction coefficient of Eq. ͑59͒ then becomes relatively simple in form,
to leading order in (ka) Ϫ1 for kaӷ1.
Example: steel plates in water
Numerical computations were performed for a steel/ water combination, for which the fluid-loading parameter is ⑀ϭ0.134. The thickness of each plate is 2.54 cm, corresponding to a null frequency of 1205 Hz and a coincidence frequency 8986 Hz. Figures 3 and 4 show the magnitude of the exact diffraction coefficient as a function of the observation angle for different frequencies. Note that the diffraction coefficient is multiplied by the factor ͉cos Ϫcos 0 ͉ in Fig. 3 and 4 in order to avoid the geometrical singularities at the reflection and shadow boundaries. The soft and hard diffraction coefficients are shown for comparison. The three frequencies considered, 100, 1205, and 4000 Hz, are low, medium, and high relative to the null frequency, and the high frequency is below coincidence. It is evident in both Figs. 3 and 4 that the low-frequency diffraction is more like that of a soft screen than a hard screen, but at high frequencies it is better approximated by the hard screen behavior. The same trend is apparent in Fig. 5 which shows the magnitude of the diffraction coefficient for backscatter, that is, ϭ 0 ϩ. Figure 6 shows the real and imaginary parts of the diffraction coefficient as a function of frequency for backscattering with 0 ϭ45°. The transition from the soft response at low frequency to the high-frequency behavior is complicated by a change in the phase of the diffraction coefficient. In this particular case the soft and hard diffraction coeffi- cients are of opposite sign, or 180°different in phase. The frequency dependence of the phase of the exact diffraction coefficient is plotted in Fig. 7͑b͒ . The phase changes smoothly with frequency, although the total phase change is less than 180°over the frequency range considered.
In an attempt to better approximate the full frequency dependence of the diffraction we introduce the idea of an intermediate frequency regime defined such that the light fluid-loading condition kaӷ1 holds while the frequency is low relative to the coincidence frequency, implying that ⍀Ӷ1. This is an intermediate asymptotic situation which can only exist if the fluid-loading parameter ⑀ is truly small. If so, then the frequency is both large and small at the same time, with respect to two different reference frequencies: in this case, n ӶӶ c . Under these circumstances FϷ1 in Eq. ͑59͒, and the acoustic diffraction coefficient is approximated by This function has the property of reducing to the limiting soft and hard approximate forms at low frequency and under light fluid-loading conditions, respectively. The latter situation is synonymous with high frequency in the sense of kaӷ1 if ⑀Ӷ1. It should be emphasized that Eq. ͑71͒ is not a uniform approximation in the usual sense. Rather, it is simply an educated guess at such an approximation which has the useful features of ͑i͒ being composed of the well-known soft and hard diffraction coefficients, ͑ii͒ it reproduces the limiting soft and hard behavior discussed above, and ͑iii͒ is defined for all frequencies. We make no claims about the universal accuracy of this approximation, but offer it as a useful benchmark for acoustic diffraction from wave-bearing structures. For example, the magnitude and phase of the exact and ''uniform'' diffraction coefficients are compared in Fig. 7͑a͒ and ͑b͒ for the backscattering configuration of Fig. 6 . Finally, we note that the most common scattering configuration is backscatter ͑ϭ 0 ϩ͒. In this case, it can be shown using Eqs. ͑62a͒ and ͑62b͒ that the soft and hard diffraction coefficients are always of opposite sign. Hence, the exact backscatter diffraction coefficient will exhibit an approximately 180°phase change as the frequency is swept 
